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Forewords

This is one of the great geometry books of all time. It is the book that
I would like to have had for the geometry classes that I taught at
Menlo School and College. It is the finest example of instructional
artistry that I have encountered.

When I taught statistics courses, [ used the counting and
probability chapters from Mathematics: A Human Endeavor by Jacobs.
His approach engaged my students and enabled them to discover
and master this subject. In the present book, Jacobs does the same
thing for geometry.

Harold Jacobs—author and master teacher-loves geometry,
and this book shows it. Its thousands of photographs, diagrams,
and figures draw the reader into the material. Jacobs has a genius
for finding illustrations that reveal a subject and make it come alive.
A look at his sources shows the broad search that he made to
assemble this visual feast.

Teachers know that in most classes the goal for students is to
complete the homework exercises with as little pain as possible.
When students get their assignment, they first go to the exercises.
If the teacher worked an example in class, the student follows that.
If not, then the student scans the text in search of an example that is
similar to the exercise. So many textbooks are little more than a
bunch of examples, followed by exercises that can be solved by
using the methods of the examples. And the student learns by
crealive copying.

As you page through this book, you will be struck by how few
words Jacobs uses in introducing each lesson. Jacobs knows that
students will probably not read much introductory material and
want to gel to the exercises as quickly as possible—solutions are still
the goal. But, for Jacobs, the exercises are the beating heart of the
hook. You will first notice that they are beautifully illustrated with
real-world material. As you read, you will discover that they are
engaging, carefully sequenced, and structured so that students
discover ideas for themselves. Students come away from his exercise
sets empowered, because the ideas have become “their” ideas. Students
using this book, working alone or in groups, will learn geometry by
doing it. The result is that they will enjoy learning a body of
integrated concepts that has become their intellectual possession.

6"‘-‘%3 :'QC\\qu

onald J. Albers
The Mathematical Association of America
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Forewords

Twenty-six hundred years ago Thales of Miletus launched the idea
that Nature itself is subject to the laws of logic. Geometry, which
had previously existed as a practical science, was found during the
next few centuries to be tightly bound by logic. Some complex
geometric facts were shown to be consequences of far simpler
facts, and soon similar analyses of more general ideas about the
world became standard for the Greek philosophers, The principle of
stitching a few fundamental ideas together by logical analysis is at
the heart of all modern science.

About 300 B.C.E., Euclid compiled his famous Elements,
containing much of the geometry known at the time. Although the
Elements does not fully meet today's standards of rigor, it quite
rightly became and remained the principal textbook for teaching
geometry for more than 2,000 years. In the past 100 years,
however, the idea of proof has alnwly receded (from American
textbooks, at least), and now there is often little distinction between
statements that have been proved formally and those that appear
true on the basis of a drawing or a few measurements, This is an
immense loss for American education, especially for science
education. Some have tried to introduce formal proofs in algebra in
place of those in geometry, but the results in algebra do not have the
appeal of theorems such as that of Pythagoras. Geometry offers
surprising theorems that can be proved by ingenious reasoning.

This book restores the idea of proof to its rightful place in
geometry. Whoever studies this text will know what a proof is,
what has been proved, and what has not.

Andrew M. Gleason
Harvard University



Phastasgraph by Roy Bishop

A Letter to the Student

I'he most useful question in the history of science is, Why?
Because mathematics is the language of science, the same question
is important in mathematics as well.

The oldest standing examples of applied geometry are the
|:'..|;|.[||if|:4 of }".g}'pt. built about 2600 B.C. The bases of these
structures are almost perfect squares, and their faces are precisely
constructed triangles. There is evidence that the Egyptians even
knew how to compute the velume of a pyramid but no evidence that
they ever tried to understand or explain their methods by asking,
‘Why?" Their mathematics was based on intuition and experience;
even for other ancient civilizations from Babylon to Rome, intuition
and experience were as far as geometry went. The subject consisted
ol disconnected rules, and the fact that these rules “worked” in
measuring land and constructing buildings seemed to be enough.

Your understanding of geometry has been like that of these
people of long ago. You have a huurl intuitive !—umw]eclgc of the
subject simply h\f growing up in the world. As a small child, you
may have play ed with blocks in the shape of cubes. On the ]}|-FW
ground, you have played with balls in the shape of spheres. In school,
vou use paper ruled with parallel and perpendicular lines. You drink
from cans in the shape of cylinders and eat ice cream from containers
in the shape of eones. Geometry is everywhere, and so it is natural
for you to take it for granted without ever asking, “Why?”



Xiv

About 600 B.C., the Greeks made a discovery that led to a new
way of looking at mathematics. Thales, one of the seven wise men
of antiquity, saw how geometric ideas that had been discovered
intuitively could be related to one another logically. If some were
true, then others must follow without question. He raised the question
Why? about a mathematical idea and then successfully answered
it. For example, the four edges of the Great Pyramid that meet at its
top are equal in length. Thales explained why it follows from this
fact that the angles that these edges form with the sides of the base
also must be equal.

After Thales came other Greek mathematicians, including
Pythagoras, Hippocrates, and, eventually, Euclid. Euclid, about
whom you will learn more in this book, presented geometry as a
logical system of connected ideas so well that his book titled the
Elements became the most widely used textbook ever written. Euclid’s
approach to geometry, centered on the question why, was so
successful that it even inspired writers in other fields Lo organize
their ideas in the same way. One of the most influential books of
modern science, the Principia by Sir Isaac Newton, was modeled
after Euclid's Elements.

The word geomeiry derives from the Greek words for “earth”
and “measure” and in some languages is still used today to mean
“earth measurement” or “surveying,” Remarkably, although Euclid’s
Elements is the most famous geometry book of all time, the Greek
word for geometry never appears in it. The Elements was not a
book about measuring the earth; rather, by bringing geometry
together as a coherent whaole, it made geometry understandable and
provided a model for other sciences.

As you pursue your study of geometry, you will encounter not
only many [amiliar ideas but also many ideas new to you that are
both beautiful and surprising. As the title of this book suggests, it is
about seeing, doing, and understanding. As you read the lessons,
you will see the main ideas and some of their applications. With the
exercises comes your chance to de, understand, and, consequently,
know why. [ hope that in using this book you will discover for
yoursell the wonder and excitement of geometry so that you will
find your study of it to be an enjoyable and rewarding endeavor.

WW—

A Letter to the Student
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Old Euclid drew a circle

On a sand-beach long ago.
He bounded and enclosed it
With angles thus and so.

His set of solemn gl".l}-'h{‘ill‘ds
Nodded and argued much
Of arc and of cireumference,
Diameters and such.

A silent child stood by them
From morning until noon
Because they drew such charming
Round pictures of the moon.

WVACHEL Linpsay

INTRODUCTION
Euclid, the Surfer,

and the Spotter

77" Alexandria

In about 300 5.C., a man named Euclid wrote what has become one of
the most successful books of all time. Euclid taught at the university
at Alexandria, the main seaport of Egypt, and his book, the Elements,
contained much of the mathematics then known. Its fame was almost
immediate. The Elements has been translated into more languages and
published in more editions than any other book except the Bible.

I'he poem “Euclid” is reprinted with the permission of Macmillian Publishing
Co, from Collected Poems by Vachel Lindsay. Copyright 1914 by Macmillan
Publishing Co., renewed in 1942 by Elizabeth C. Lindsay.



Although very little of the mathematics in the Elements was original,
what made the book unique was its logical organization of the subject,
beginning with a few simple principles and deriving everything else
from them.

The Elements begins with an explanation of how to draw an egui-
lateral triangle, that is, a triangle with three sides of equal length.
Euclid's method requires the use of two tools: a straightedge for draw-
ing straight lines and a compass for drawing circles. These tools have
been used to make geometric drawings called constructions ever since
Euclid’s time.

To construct an equilateral triangle, we begin by using the straight-
edge to draw a segment for one side, The segment is named AB in the
figure at the left above. We set the metal point of the compass at A and
adjust the compass so that the pencil point falls on B. The compass is
now set to draw a cirele with radius AB about point A. We draw an arc
of this circle above the segment AB as shown in the second figure.
Next we move the metal point of the compass to point B and, keeping
the compass set at the same radius, cross the arc that we just drew
with a second arc, as shown in the third figure. Finally, we draw two
line segments from the point of intersection (labeled C in the last fig-
ure) to points A and B to form the triangle.

Exercises

1. Use a ruler to draw a line segment 12
centimeters long and then use a straight-
edge and compass to construct an equilat-
eral triangle having this segment as one of
its sides.

Next, we will consider two geometric
problems about equilateral triangles. To make
them easier to understand, they will be
presented in the form of a story.

The Puzzles of the Surfer and the Spotter

One night a ship is wrecked in a storm at sea
and only two members of the crew survive.
They manage to swim to a deserted tropical

2 Introduction



iland where they fall asleep exhausted. Alter
exploring the island the next morning, one of
the men decides that he would like 1o spend
somie time there surfing from the beaches.
The other man, however, wants Lo escape and
decides 10 use his time looking for a ship that
gt rescue him.

The island is overgrown with vegetation
and happens to be in the shape of an equilat-
eral trinngle, each side being 12 kilometers
(bout 7.5 miles) long.

Wanting to be in the best possible position
(0 spot any ship that might sail by, the man
who hopes to escape (we will call him the
“spotter”) goes to one of the corners of the
island. Because he doesn’t know which corner
in best, he decides to rotate from one to
another, spending a day on each. He wants to
unild o shelter somewhere on the island and a

path from it to each corner so that the sum of
the lengths of the three paths is a minimum.
(Digging up the vegetation to clear the paths
is not an easy job.] Where should the spotter
build his house?

The figure below is a scale drawing of the
island in which 1 centimeter (cm) represents
1 kilometer (km). Suppose that the spotter
builds his house at point D. The three paths
that he has to clear have the following lengths:
DA = 4.4 km, DB = 9.1 km, and DC = 7.9 km.
Check these measurements with your ruler,
remembering that 1 cm represents 1 km. The
sum of these lengths is 21.4 km.

If the spotter builds his house at point E, the
path lengths are: EA = 10.4 km, EB = 5.1 km,
and EC = 6.9 km, and their sum is 22.4 km. S0
point D is a better place for him to build than
point E. But where is the best place?

12 kilometers

Euclid, the Surfer, and the Spotter 3



2. Use the equilateral triangle that you drew
in the first exercise to represent the island.
Choose several different points on it; for
each point, measure the distance between it
and each of the corners to the nearest 0.1
em, and find their sum, as illustrated for
points D and E on page 3.

3. On the basis of your work in exercise 2,
where do you think is the best place for the
spotter to build his house? And how many
kilometers of path does he have to clear?
(Remember that 1 em on your map repre-
sents 1 km.)

4. Where do you think is the worst place on
the island for the spotter to locate? How
many kilometers of path would he have to
clear from it?

Now consider the problem of where the
surfer should build Ais house. He likes the
beaches along all three sides of the island and
decides to spend an equal amount of time on
each beach. To make the paths from his house
to each beach as short as possible, he con-
structs them so that they are perpendicular to
the lines of the beaches.

Perpendicular lines form right angles, 40
degrees (90°) on a protractor or the angle
formed by the edges of a file card. An easy
way to draw a line that is perpendicular to
another line is to use a file card as shown in
the figures below. Small squares are usually
used to indicate that lines are perpendicular,

#:"D

4 Introduction



In the figure above, if the surfer built his
house at point D, the three paths to the
beaches would be as shown. Path DX is
perpendicular to beach AC, path DY is
perpendicular to beach AB, and path DZ is
perpendicular to beach BC. The lengths of the
three paths are: DX = L4 km, DY = 2.9 km,
and DZ = 6.0 km; so their sum is 10.3 km.

The surfer, like the spotter, wants to locate
his house so that the sum of the lengths of the
paths is a minimum. Where is the best place
on the island for him?

5. Use a straightedge and compass to con-
struct another equilateral triangle whose

sides are 12 centimeters long. Choose
several different points on it; for each
point, measure the perpendicular distance
from it to each of the sides to the nearest
0.1 em, and find their sum as illustrated for
point D above.

6. On the basis of your work in exercise 5,

where do you think is the best place for the
surfer to build his house? And how many
kilometers of path does he have to clear?

7. Where do you think is the worst place for

the surfer to locate? How many kilometers
of path would he have to clear from it?

Euclid, the Surfer, and the Spotter 5



Inductive Reasoning

FOUR COLORS
SUFFICE

Introduction

In thinking about the puzzles of the surfer and the spotier, you firs
collected some evidence—you made drawings and measured them.
Then you looked for conclusions based on what you had observed.

This method of reasoning is used in both science and mathematics.
You will be using it throughout this book. The scientist who makes
observations, discovers regularities, and formulates general laws of
nature calls this process the seientific method. Mathematicians refer 1o
it as inductive reasoning. It is the method used for drawing conclusions
from a limited set of observations.

We use inductive reasoning regularly in everyday life. Its conclu-
sions are generally reliable and useful, but they are sometimes wrong.
For this reason, scientists call such conclusions conjectures.

In 1852, a young English mathematician named Francis Guthrie
noticed that he could color every map that he could draw or had seen
with only four colors in such a way that no two regions having a com-
mon border were the same color. The map of the United States of
1852 shown above is an example. Many people tried to draw maps
that would require more than four colors, but no one succeeded, which
seemed to confirm that “four colors suffice” but did not prove it

In 1976, more than a century after Guthrie made his conjecture,
Wolfgang Haken and Kenneth Appel proved that Guthrie was right.
To celebrate Haken and Appel’s prool, the University of lllinois used
the postage-meter message that you see here. The method that they
used, deductive reasoning, uses logic to draw conclusions from state-
ments already accepted as true.

In addition to using inductive reasoning throughout your study of
geometry to discover what is true, you will also learn how to reason
deductively to be able to understand why.



Chapter 1

An Introduction
to Geometry

In this chapter, you will see how practical problems ranging from
designing a city and measuring the earth to using shadows to tell
time led to the development of geometry. The ideas that come
from these problems are important because they lead to the
solutions of other problems. As you proceed, you will become
acquainted with geometric terms and ideas that will be useful as
you continue your study of geometry.




City wall

Aqueduct

Light-
house

Pharos City wall

town

LESSON 1
Lines in Designing a City

Alexandria, the city in which Euclid wrote his famous book on geom-
etry, is named for Alexander the Great. Alexander had conquered
much of the ancient world by the time of his death in 323 B.c, He is
thought to have planned the streets of Alexandria, which today has

become the second largest city in Egypt.

The map above shows the arrangement of the streets in ancient
Alexandria. It also suggests some of the basic terms used in geom-
etry. The streets lie along straight lines; they intersect in points and lie

LA in a common plane.

Euclid described a point as “that which has no part.” This descrip-

g=

Some points with capital letters.

tion cConveys the idea that, when we draw a dot on paper o represent
a point, the point, unlike the dot, has a location only, without physical
extent. The points in a figure to which we want to refer are labeled

Euclid described a line as having “breadthless length™ and said
that “the extremities of a line are points.” These statements reveal

that he was thinking of what we would now call a line segment.

8 Chapter 1: An Introduction to Geometry



A B

[l
L 1= ]

A line segment A line

A line segment is part of a line bounded by two endpoints; it has
a length that can be measured. Line segment AB in the figure at the
left above has a length of | inch. A line, however, cannot be measured,
The arrows on the figure of the line at the right above indicate that a
line extends without end in both directions. These figures also suggest
that lines, and hence line segments, are always straight, like a stretched
string or the edge of a ruler.

Lines are usually named either by two points that they contain,
such as line AB above, or by a single small letter. The line in the figure

could be simply named line L M
The map of Alexandria is printed on a flat surface, which illustrates
part of a plane. Planes are usually represented by figures such as the

two at the right and are usually named, like points, with capital letters.
These figures are useful in suggesting that planes are al-
ways flat but are unfortunately misleading in suggesting that planes
have edges. In geometry, we think of a plane as having no boundaries. Two planes
Although the parts of the planes shown here are bounded by edges,
the complete planes extend beyond them, just as the line AB extends
beyond the endpoints of the segment determined by A and B.
Some additional terms relating peints, lines, and planes are illus-
trated and defined below.

Definitions
E
A 3 C - -f
.._.___________-—-"‘"" q
Collinear points Noncollinear points

Points are collinear if there is a line that contains all of them.
Points are noncollinear if no single line contains them all.

1
oH ,' _-_\\//"
- m
o - A//?J\ "
Coplanar points Concurrent lines

Points are coplanar if there is a plane that contains all of them.
Lines are concurrent if they contain the same point.

In the figure at the right above, lines [, m, and n all contain point
P, their common infersection.

Lesson 1: Lines in Designing a City

9



Exercises
Set |

This map shows the plan of the main streets of the ancient Chinese city Ch'ang-an.

L M N 0

Palace
and
Imperial
Cities

Park

A B C D E F G H / J K
The city of Ch'ang-an

The intersections of the street at the bottom of  If the map is accurately drawn and the street
the map with the streets above it are labeled from A to K is 6 miles long,

A through K. 7. how many miles is it from A to F?
1. What word is used to describe points 8.
such as these, given that one line
contains them all?

how many miles does | em of the map
represent?

9. how many miles is it from A to L?
Use your ruler to find the lengths of the

following line segments in centimeters. 10. Is the city square? Why or why not?
2. AK. 5. AB. 11. What regions of the city do appear to be
3. AF 6. AL square?
4. AD.

10 Chapter 1: An Introduction to Geometry



The city, whose name means “long security,”
was protected by a surrounding wall.
12, Use the lengths of the streets bordering

the city to figure out how many miles
long the wall was that surrounded it.

If the city were perfectly flat, then all of the
points in it would lie in one plane.

13, What word is used to describe points
such as these?

14. Are the streets in the map represented
by lines or line segments?

15. What is the difference between a line
and a line segment?

Notice that AB, CD, and HK are three differ-

ent segments, yet they all lie in one line.

16. On how many different lines do all the
segments in this map lie?

Set |l

The points and lines in the figure below are
related in some unusual ways.

A

¢ H

Each point in which line segments intersect
has been labeled with a letter.

17. How many such points does the figure
contain?

18. What does the word collinear mean?

The figure has been drawn so that each set of
points that appears to be collinear actually is.

For example, points E, F, and | are collinear
and lie on the line EI.

19. How many sets of three collinear points
does the figure contain? List them,
beginning with E-F-L

20, What does the word concurrent mean?

How many different lines in the figure are

concurrent at

21. point A?

22. point B?

23. point C?

24, each of the other points?

And now some very tricky questions about

the line segments that can be named by using
the letters in the figure.

25. How many different line segments in
the figure meet at point A? Name them.

How many different line segments meet at

26. point B? Name them.

27. point C? Name them.

Set 1l

On a sheet of graph paper, draw a figure
similar to, but much larger than, the one
below.

C D E
B ] F
A H G

1. Use a colored pen or pencil to draw the
following three lines:

Al, CF, and DG.

Draw enough of each line so that it
crosses the entire figure.

Lesson 1: Lines in Designing a City 11



2. What seems to be true about the three b,

lines Al CF, and DG?

Now use a pen or pencil of a different color 1o 7.
draw these three lines:

AF, CI, and EH.

Extend each line to the edges of the figure.

3. Describe what you see.

Now use a pen or pencil of a third color to
draw these three lines:

BG, CH, and EL

Extend each line to the edges of the figure.

4. What do you notice?

5. Draw the figure again, but change it so

that it is taller or shorter, BF is higher or

lower, and DH is farther to the lelt or
right. An example of such a figure is
shown here, but choose your own.

12

C D E
B i F
A H G

Chapter 1: An Introduction to Geometry

Now try drawing all the lines again and
see what happens, What do you think?

Try changing the figure in other ways to
see what happens to the lines drawn in
the three colors, Some examples of
altered figures are shown here, (Be sure
to make your drawings much larger!)

- E

8. What do you think?



Used by permission of Johnny Hart and Creators Syndicate, Inc

LESSON 2

Angles in Measuring the Earth

The ancient Greeks knew that the world was round. Eratosthenes,
the head of the library in Alexandria where Euclid lived, figured out
a clever way to estimate the distance around the world. His method
depended on measuring an angle.

Euclid described an angle as “the inclination to one another of
two lines in a plane which meet one another.” If we draw a figure
showing two lines, { and m, meeting at a point P, several angles are
formed.

m

The figure can also be described as consisting of four rays starting
from point P. As the figure suggests, a ray is part of a line that extends
endlessly in one direction. To refer to a ray, we always name its end-
point first, followed by the name of any other point on it. The name
of the ray in the first figure at the right is PA.

An angle is a pair of rays that have the same endpoint. The rays
are called the sides of the angle and their common endpoint is called
the vertex of the angle. Angles can be named in several ways. Using
the symbol £ to mean “angle,” we can name the angle in the second
figure at the right 2P or 21 or ZAPB or ZBPA. Notice that, il the
angle is named with three letters, the vertex is named in the middle.

A ray
A
P<]
B‘h

Two rays that
form an angle

13
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Before learning how Eratosthenes measured the earth, we will
review the way in which angles are measured. To measure an angle,
we need a protractor.

A protractor

an angle

The protractor measures angles in degrees and has two scales, each
numbered from 0 to 180. The center of the protractor is placed on the
vertex of the angle so that the 0 on one of the scales falls on one side
of the angle. The number that falls on the other side of the same scale
gives the measurement of the angle in degrees. Look carefully at the
scales on the protractor in the figure above to see why the angle has a mea-
sure of 50° and not 130°,

The diagram above illustrates the method that Eratosthenes used
to measure the earth. He knew that Alexandria was about 500 miles
north of the city of Syene (now called Aswan). The points A and S
represent Alexandria and Syene, respectively, and the rays AP and
SQ represent the direction of the sun as seen from each city. At noon
on a certain day of the year, the sun was directly overhead in Syene,
as shown by SQ). In Alexandria at the same time, the direction of the
sun was along AP, in contrast with the overhead direction AV.

Chapter 1: An Introduction to Geometry



Eratosthenes measured the angle between these two directions,
21, and found that it was about 7.5°. Euclid had shown why it was
reasonable to conclude that 2 1 was equal to 22, the angle with its

vertex at the center of the earth. By dividing 7.5% into 360° (the mea-
sure of the degrees of a full circle), we get 48; so the full circle is 48

times the angle from Alexandria to Syene:

48 ¥ 7.5° = 360°.

Eratosthenes concluded that the earth’s circumference (the entire dis-
tance around the circle) was 48 times the distance from Alexandria to

Syene:

48 = 500 miles = 24,000 miles.

A 5{]{}' i

The modern value of the cireumference of the earth is about 25,000
miles; so Eratosthenes’ estimate was remarkably accurate.

Exercises
Set |

A B

I'riangle Measurements. Each side and angle
of the triangle above has a different measure,
If you simply look at the figure without doing
any measuring,

1. which side is the longest?
2. which angle is the largest?
3. which side is the shortest?
4. which angle is the smallest?
1

. Use your ruler to measure the sides of
the triangle, each to the nearest 0.1 cm.

Most protractors are too large to be able to
measure the angles of a figure such as this
triangle easily. For example, to measure 2~ A,
it is easiest to extend its sides as shown in
color in the figure at the right above.

6. Name the two rays that are the sides of
LA

7. Use your protractor to measure £ A.

8. Carefully trace triangle ABC on your
paper and then extend the sides of 2 B.

9. Name the two rays that are the sides of

2B,
10. Measure 2 B.

Go back to the figure you drew for exer-
cise 8 and extend the sides of 2 C.

11. Name the two rays that are the sides of
£C.

12. Measure £ C.
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